CALCULATION OF THE SENSITIVITY χ (EQUATION (6)) TO AN EXTER-NAL SIGNAL OF A NON-ISOCHRONOUS AUTO-OSCILLATOR WITH DELAY
To calculate the sensitivity of a non-isochronous auto-oscillator with delay to an arbitrary, but small external signal we use equation (1) where the driving signal ξ(t) in the right-handside part is assumed to be an arbitrary superposition of δ−kicks with a small amplitude η caused e.g. by thermal noise. We start with a single kick: ξ(t) = ηδ(t).
(S.1)
We also assume that each δ−kick only slightly affects the stationary auto-oscillation of the power p s and frequency ω s , so that the solution c(t) for the slightly perturbed autooscillation differs from its stationary form given by equation (2) only by a small dimensionless perturbation y(t):
Performing Fourier transformation in equation (1) we can write this equation in the frequency domain, so that the operator L (i d/dt) is replaced by the transfer function L(ω):
It is assumed, that since the perturbations induced by the external δ−kicks are weak, the non-autonomous properties of our auto-oscillator will depend only on the behavior of the functions L(ω) and G(p) in the vicinity of the stationary point (p s , ω s ). Thus, one can expand these functions in the vicinity of the stationary point: 
where higher-order terms in ω were neglected. Obviously, the 1/ω-singularity in the frequency domain expression for the perturbation y(ω) corresponds to the step in the timedomain expression for y(t):
Thus, the external δ−kick acting on the auto-oscillator results in the purely imaginary shift of the oscillation phase expressed as:
Integrating equation (S.8) over the time interval τ we get the phase shift of the autooscillation accumulated during this interval:
Using equation (S.9) one can obtain the evolution equation (5) for the auto-oscillator phase with the following expression for the auto-oscillator sensitivity χ to the external signal (equation (6) in the main text):
.
(S.10) CALCULATION OF THE GENERATION LINEWIDTH ∆ω (EQUATION (8)) OF A NON-ISOCHRONOUS AUTO-OSCILLATOR WITH DELAY Equations (S.8 -S.10) and the well-known statistical properties of a white noise c n (t) = c n (t ) δ (t − t ) dt can be used to calculate the generation linewidth ∆ω of a non-isochronous auto-oscillator with delay.
The total phase shift induced by the external noise of the amplitude c n (t) can be written as:
This expression is valid for a reasonably weak noise, when the total phase shift induced by noise during the characteristic times of the auto-oscillator is small. Typically, the statistical properties of c n (t) and c n (t)e iψ are identical, and, therefore, one can replace β * c n (t ) e iωst +iϕ(t ) by |β|c n (t ) e iωst in the above equation and obtain an explicit expression for the total phase shift:
Now, the calculation of the phase variance ∆ϕ 2 is trivial:
where D s (τ ) is the correlation function of the "slow" noise:
For time intervals that are much larger than the noise correlation time equation (S.7) is simplified to :
where S n (ω s ) is the noise spectral density at the frequency ω s :
The noise spectral density S n (ω) is defined by
Thus, the "full width at half maximum" (FWHM) generation linewidth of an auto-oscillator under the action of a weak noise is given by (equation (8) in the main text):
CALCULATION OF A STABILITY DIAGRAM OF A NON-ISOCHRONOUS
AUTO-OSCILLATOR WITH DELAY (FIG.3) Another important question in the theory of auto-oscillations is the stability of the stationary auto-oscillation solution of equation (1).
In this section, we analyze the possibility of decay of the auto-oscillation with the stationary frequency ω s into oscillations with frequencies ω s ± Ω under the action of small external perturbations. It should be noted that there is one important difference between the analysis of the instability of auto-oscillations and the analysis of noise-induced phase fluctuations in these oscillations. The instability always starts from the growth of fluctuations having a small amplitude, and, therefore, one can always use the expansion of the function G(p) near the stationary point equation (S.4). In contrast, the frequency ω s ± Ω of the unstable mode, in a general case, could be rather far from the frequency of the stationary auto-oscillation ω s . Therefore, the expansion equation (S.5) is not applicable in the general case.
To analyze the stability of auto-oscillations, one can use a method that is similar to the method used in the above presented analysis of the auto-oscillator sensitivity to an external signal.
First of all, we assume that a weakly perturbed solution of equation (1) has the form:
Here Ω is the complex frequency of a potentially unstable mode (relative to the autooscillation frequency ω s ) and y ± are the dimensionless complex amplitudes of the two frequency components (symmetric w.r.t. ω s ) of the mode. The unstable modes are characterized by the positive imaginary parts Im(Ω) > 0 of the mode frequency Ω.
Substituting (S.19) for c(t) in the homogeneous (ξ = 0) equation (1) one obtains the following linear system of equations for the complex amplitudes y ± of perturbations:
Here it is assumed that L(ω) is an analytic function that can be used for complex frequencies.
The Notes on the numerical calculation of the stability diagram ( Fig.3) It should be noted, that the calculation of the stability diagram by the above described method encounters numerical difficulties in a certain region of parameters.
First, since F (0) = 0, the numerical solution of (S.24) can be difficult in the vicinity of the point Ω = 0. Therefore, it is convenient to introduce the function and analyze this equation instead of the direct solution of (S.24). The boundary of the stability region obtained from the solution of (S.27) is shown in Fig.3 by a black line.
Another numerical difficulty appears when both the numerator and denominator in equation (S.24) are equal to zero, that corresponds to:
F (−Ω * ) = F (Ω).
(S.28)
This case should be considered separately. The system of equations (S.28) has an infinite number of solutions for β, that belong to the line:
where x is an arbitrary real number. One of the cases when equations (S.28) are satisfied is the case of "low-frequency" instability, when auto-oscillations can decay in the modes having frequencies that are close to the generation frequency ω s . As it was noted above, this corresponds to purely imaginary Ω, (Ω = −Ω * ) and when Im ( 
